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1. INTRODUCTION 
The nonlinear Abel type first-order differential equation 
dy 
d---x = P(x)y3 + q(x)y2 + r(x)y + s(x), p(x) ~ O, (1) 
plays an important role in many physical and technical applications [1-9]. The mathematical 
properties of equation (1) have been intensively investigated in the mathematical nd physical 
literature. Matsuno [10] analyzed a two-dimensional dynamical system associated with Abel's 
nonlinear equation. Strobel and Reid [11] and Reid and Strobel [12] have obtained superposi- 
tion rules (prescriptions for combining a finite number of known particular solutions in such a 
way to obtain the general solution to a (system of) differential equation(s) without operation of 
integration) for the Abel type equation, involving four or two particular solutions. Many types 
of Abel differential equations can be found in the mathematical handbook of Polyanin and Zait- 
sev [13]. Recently, Maket  al. [14] have presented a solution generating technique for Abel-type 
ordinary differential equations. If y = yl(x) is a particular solution of (1), then by means of the 
transformations 
{/ } u = E(x) = exp [3p(x)y 2+ 2q(x)y, -t- r(x)] dx y - y l (x ) '  
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equation (1) can be transformed into 
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du ~ 
d--~ + --u + ¢2 = 0, (2) 
with ff~)l (x) ~--p(x)E2(x) and (I)2(x) = [3p(x)yl(x) + q(x)]E(x). Therefore, if 
q(x) 
y l -  3p(x)' (3) 
then (I)2 = 0 and the general solution of equation (1) can be obtained from the integration of a 
differential equation with separable variables. 
It is the purpose of the present paper to present an alternative method of generating the general 
solution of the Abel type differential equation (1) from a particular one. The present paper is 
organized as follows. In Section 2, we present he solution generation procedures. In Section 3, 
we conclude our results. 
2. THE SOLUTION GENERATING METHOD 
Let y = yl(x) be a particular solution of equation (1); that is, yl(x) satisfies the equality 
dyl _ p(x)y 3 + q(x)y 2 + r(x)y 1 -~- s(x). (4) 
dx 
Equations (1) and (4) give 
d(y - Yl) _ p(y _ Yl) (y2 + YlY + y2) + q(y _ Bx)(Y -~- Yl) q- r(y - -  Yl). (5) 
dx 
With the use of the transformation w = y - Yl, equation (5) becomes 
d__ww = Pw 3 q- (3pyl -q- q)w 2 q- (3py21 ~- 2qyl q- r) w. (6) 
dx 
By choosing Yl = -q(x) /3p(x)  in (6), we obtain the general solution generating way presented 
in the introduction. In the following, we adopt another method by assuming that 3pyl + q ~ O, 
but Yl satisfies the condition 
3py 2 + 2qyl + r = 0. (7) 
From (7) we find 
3pyl + q = +V/ -~-  3pr - +G(x). 
Note that if the condition G(x) = 0 holds, then we obtain again Yl = -q(x)/3p(x) ,  leading to the 
previously presented general solution of the Abel's equation. Therefore, the condition G(x) ~ 0 
has been assumed throughout the rest of this paper. 
With the choice of condition (7), the unknown function w satisfies the second kind Abel type 
differential equation 
d__ww = p(z)W3 + (3pyl + q)w 2. (8) 
dx 
In order to obtain an exact solution of equation (8), we use the following. 
LEMMA. A second kind Abel type differential equation of the form 
d y = A(x)y 3 + B(x)y ~ 
dx 
can be exactly integrated ff and only if the functions A(x) and B(x) satis~ the condition 
d (A(x )~ = kB(z) ,  
\S(x)] 
k = constant. 
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As applied to equation (8), the lemma leads to a consistency condition that must be satisfied 
by the particular solution Yl and the coefficients p, q of the initial equation 
d (~ 1 P )=k(3py l+q) .  (9) dx + q 
With the help of the substitution 
V= 3p 
and taking into account (9), equation (8) is transformed into 
dV _ (3pyl + q)2 ( V3 + V 2 + kV).  (10) 
dx p 
With the use of (7), the consistency conditions (4) and (9) become 
and 
+ 2pyl + qYi s = -~x (11) 
d (G_~)=kG(x) .  (12) 
From (11) and with the use of the definition of G(x), we obtain 
( s--  3 dx ± 3 -~x + 2p 3p ] + q -q  . (13) 3p ] 
Therefore, the previous results can be summarized in the following. 
THEOREM. If the four coet~cients p(x), q(x), r(x), and s(x) of the first kind Abel's equation 
satisfy the consistency condition (12), then the general solution of the Abel's equation (1) is 
given by {-q ±c(x) 
u = ± e(x )  v + (14) 
p \ 3p ] '  
where the function V satisfies the separable variable differential equation 
dY Y 2 kY) (G(x))2 
d--x : (y3 + + (15) 
P 
3. CONCLUDING REMARKS 
In the present paper, we have presented an exact general solution of the nonlinear Abel dif- 
ferential equation, which can be obtained by quadratures if the four coefficients of the equation 
satisfy one consistency condition. The constraint imposes evere restrictions, limiting the number 
of possible solutions that can be obtained in this Way. Some applications of the present formalism 
to Abel's equations appearing in physical problems will be presented in a future paper. 
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